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Abstract: In the paper, we prove that reduced free products of unital AH algebras with 
respect to given faithful tracial states, in the sense of Voiculescu, are Blackadar and Kirhcberg's 
MF algebras. We also show that the reduced free products of unital AH algebras with respect 
to given faithful tracial states, under mild conditions, are not quasidiagonal. Therefore we 
conclude, for a large class of AH algebras, the Brown-Douglas-Fillmore extension semigroups of 
the reduced free products of these AH algebras with respect to given faithful tracial states are 
not groups. 

Our result is based on Haagerup and Thorbj0rsen's work on the reduced C*-algebras of free 
groups. 
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1. Introduction 



The BDF theory was developed by Brown, Douglas and Fillmore in 1977 in [8]. In order 
to classify essentially normal operators, they introduced an important invariant, Ext (A) (the 
j> | BDF extension semigroup), for a unital separable C*-algebra A. Among many other things they 
proved in [8] that Ext(C(X)) is a group when X is a compact metric space. Later, Choi and 
Effros [12] showed that Ext (A) is a group if A is a unital separable nuclear C*-algebra. By 
a result of Voiculescu, we know that the semigroup Ext (A) always has a unit if A is a unital 
separable C*-algebra. 

Anderson [JJ provided the first example of a unital separable C*-algebra A such that Ext (A) 
is not a group. Using Kazhdan's property T for groups, Wassermann gave other examples of 
unital separable C*-algebras A such that Ext(A) is not a group in |32j . In |23j, Kirchberg 
provided more examples of unital separable C*-algebras whose BDF extension semigroups are 
not groups by showing that the following result: A C*-algebra A has the local lifting property 
if and only if Ext(S(A)) is a group, where S(A) denotes the unitization of Co(ffi) <SWn <A. 
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Ever since Anderson's example in pQ, it has been an open problem whether Ext{C*{F 2 )), 
the BDF extension semigroup of the reduced C*-algebra of free group F 2 , is a group. This 
problem was studied by many mathematician (see |27j ) and finally settled down in the negative 
by Haagerup and Thorbj0rnsen |17] using powerful tools developed from Voiculescu's free prob- 
ability theory and random matrix theory. Their result that Ext(C*(F 2 )) is not a group follows 
from a combination of Voiculescu's result in [27] and their striking work on showing that C*(F 2 ) 
can be embedded into Y\ k Ai nk (C) / A4 nk (C) for a sequence of positive integers {n^^i- 

If a separable C*-algebra A can be embedded into Yik -M nk (C) / M nk (C) for a sequence 
of positive integers {n*,}^, then such C*-algebra A is call an MF algebra. The concept of MF 
algebra was introduced by Blackadar and Kirchberg in [5] in order to study the classification 
problem of C*-algebras. Many properties of MF algebras were discussed there. Using the concept 
of MF algebras, Brown in [9] (see also [17] ) generalized Voiculescu's result in [27J as follows: 
// a unital separable C* -algebra A is an MF algebra but not a quasidiagonal C* -algebra, then 
Ext(A) is not a group. Note by a result of Rosenberg, C*(F 2 ) is not quasidiagonal. Now 
Haagerup and Thorbj0rnsen's work can be restated as follows: C*(F 2 ) is an MF algebra and 
Ext(C*(F 2 )) is not a group. 

The concept of reduced free products of unital C*-algebras with respect to given states was 
provided by Voiculescu in the context of his free probability theory [31] . This concept plays an 
important role in the recent study of C*-algebras (for example see [13j . [14j . [15] ). Assume that 
(-4, T4) and (B, tq) are unital C*-algebras with faithful tracial states T4, and tq respectively. In 
[31] . Voiculescu introduced the reduced free product (A, T4) * re(i (£>, r B ) of (A, T4) and (£>, r B ). A 
quick fact from the definition of reduced free product of C*-algebras is the following statement: 

(C?(F 2 ),T F2 ) = (C;(Z),7i) *red (C r *(Z),T Z ), 

where, for a discrete countable group G, we let C*(G) be the reduced C* -algebra of group G and r G 
the canonical tracial state induced by the left regular representation X, i.e. r G (\(g)) = (\(g)5 e , 5 e ) 
for any g in G with 5 e the distinguished vector in l 2 (G). 

In view of Haagerup and Thorbj0rnsen's work on C*(F 2 ) and the preceding fact from the 
definition of reduced free products, one should naturally consider the following question: 

What are necessary and sufficient conditions on unital separable C* -algebras A and B 
such that 

Ext ({A, Ta) *red (B, 7jg)) is not a group, 

where T4, and tq, are faithful tracial states of A, and B respectively? 

This paper grows out in an attempt to understand Haagerup and Thorbj0rnsen's result in [17] 
and search for answer to the preceding question. In fact, we are able to prove the following 
generalizations of Haagerup and Thorbj0rnsen's result mentioned as above. 

Theorem 4.2.1: Suppose that A\ and A 2 are unital separable AH algebras with faithful 
tracial states T\, and r 2 respectively. If A\ and A 2 satisfy Avitzour's condition, i.e. there are 
unitaries u G A\ and v,w G A 2 such that Ti(u) = t 2 {v) = t 2 {w) = t 2 (w*v) = 0, then 

Ext((Ai, T i) *red (A 2 , r 2 )) is not a group. 
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Recall a unital separable C*-algebra A is an approximately homogeneous (AH) C*-algebra 
if A is an inductive limit of a sequence of homogeneous C*-algebras (see [1]). Obviously, all AF 
algebras, AI algebras and AT algebras are AH algebras. 

Theorem 4.2.2: Let A and B ^ C be separable unital AH algebras with faithful traces <j>, 
and ip respectively. If A is partially diffuse in the sense of Definition J^.I.I, then 

Ext ((A, 0) *red (B, ijij) is not a group. 

Theorem 4.2.3: Suppose that A and B are unital separable AF algebras with faithful 
tracial states <fr, and ip respectively. If dim<zA > 2 and dim^B > 3, then 

Ext ((A, 4>) *red {B, is not a group. 

Using these results, one can easily produce new examples of unital separable C*-algebras 
whose BDF extension semigroups are not groups. For example, Let A and B be irrational C*- 
algebras, or UHF algebras, with faithful traces <p , andip respectively. Then Ext((A,(f))*red{B,ip)) 
is not a group. Combining with results from [21] and [22], one obtains more examples of unital 
separable C*-algebras whose BDF extension semigroups are not groups. 

One crucial step in proving Theorem 4.2.1, Theorem 4.2.2 and Theorem 4.2.3 is our follow- 
ing result on Blackadar and Kirchberg's MF algebra, whose proof is based on Haagerup and 
Thorbj0rnsen's result that C*(F 2 ) is an MF algebra. 

Theorem 3.3.3: Suppose that Ai, i — 1, . . . , n, is a family of unital separable AH algebras 
with faithful tracial states T i} i = 1, . . . , n. Then 

(Al, T i) * red ■ ■ ■ * red (A n , T n ) 

is an MF algebra. 

Blackadar and Kirchberg's MF algebra is also closely connected to Voiculescu's topological 
free entropy dimension. In |30j . for a family of self-adjoint elements X\ . . . . . X n 111 cL unital C*- 
algebra A, Voiculescu introduced the notion of topological free entropy dimension of X\, . . . , x n . 
In the definition of topological free entropy dimension, it requires that the C*-subalgebra gen- 
erated by Xi, . . . ,x n in A is an MF algebra. Applying Theorem 3.3.3, we obtain the following 
result on Voiculescu's topological free entropy dimension: 

Corollary 3.3.1: Suppose that (A,r) is a C*-free probability space. Let x\,...,x n be a 
family of self-adjoint elements in A such that free with respect to r . Then 

$top\ x l-> • • • j x n) ^ 0, 

where 5 top (xi, ■ ■ ■ ,x n ) is the Voiculescu's topological free entropy dimension. 

The organization of the paper is as follows. In section 2, we introduce some notation and basic 
concepts needed in the later sections. In section 3, we start with Haagerup and Thorbj0rnsen's 
result on C*(F n ) and show that the reduced free products of finite dimensional C*-algebras with 
respect to given tracial states are MF algebras. Then we conclude that the reduced free products 
of AH algebras with respect to given tracial states are MF algebras. In section 4, we show that 
the reduced free products of unital C*-algebras, under mild conditions, are non-quasidiagonal. 
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Combining the results from section 3, we reach our conclusions on reduced free products of 
unital AH algebras whose BDF extension semigroups are not groups in section 4. In section 
5, we further discuss the reduced free products of some tensor products of unital C*-algebras, 
which are not covered in section 3. 



2. Notation and Preliminaries 



In this section, we will recall some basic facts on C*-algebras and introduce some lemmas 
that will be needed in the later sections. 

2.1. Gram-Schmidt orthogonalization. Suppose Ti is a complex Hilbert space and (•, •) 
is an inner product on H. Let {y m }^ =1 be a family of linearly independent vectors in H, where 
iV is a positive integer. Let, for each 1 < m < N, 



P m {yi,...,y N ) 



ivuVi) 
(2/1,2/2) 



(2/2,2/1) 
(2/2,2/2) 



(2/m,2/l) 
(2/m,2/2) 



(2/1,2/m-l) (2/2,2/m-l) ••• (2/ mi ym—l) 

2/1 2/2 2/m 

Since yi, . . . ,Un are linearly independent, each P m (yi, . . . , Vn) 7^ 0. We let 

P m {yi, ■ ■ ■ ,vn) 



{P m {yi, . . .,y N ),P m {yi, 
Then we have the following statement. 



,2/iv)) 1 / 2 ' 



for 1 < m < N. 



Lemma 2.1.1. Assume yi,...,yN is a family of linearly independent vectors in Ti and 
Pm(yi, ■ ■ ■ , Vn) for 1 < m < N is defined as above. Then {p m (2/i, • • • ? 2/v)}m=i forms an or- 
thonormal basis for the closed subspace spanned by y±, . . . , y^ in Ti. 

2.2. Reduced crossed products of C*-algebras by groups. Assume that A is a sep- 
arable unital C*-algebra and G is a discrete countable group. Let a be a homomorphism from 
G into Aut(A). Then we can define the reduced crossed product, A x a , r G, of A by the action 
a of G as follows. Let p : A — > B(TC) be a faithful ^representation of A on a separable Hilbert 
space Ti. Let l 2 (G) be the Hilbert space associated to G with an orthonormal basis {e g } ge G- 
Let A : G — > B{l 2 {G)) be the left regular representation of G on the Hilbert space l 2 (G). Then 
we let /C = H ® l 2 (G). And we introduce a representation cr of ^4 and G on /C by the following: 

<r(g) = l®\(g), V fl eG 

®e s ) = (a~ 1 (g)(x)^) ® e g , V a: G A, V ^ e W, £ e G. 

Then the C*-algebra generated by {o"(5 , )} 3 gg and {c(x)} xe ^ in -B(/C) is called the reduced 
crossed product of A by G, and is denoted by A xi a r C We know that the reduced crossed 
product A >^ar G does not depend on the choice of the faithful ^representation p of A. 
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2.3. Reduced free products of unital C*-algebras. The concept of reduced free prod- 
ucts of unital C*-algebras was introduced by Voiculescu in the context of his free probability 
theory, (see |31j . also [3]) 

Assume that Ai, % — 1, 2, is a separable unital C*-algebra with a state Tj. For each i = 1,2, 
let (Hi,£i,TTi) be the GNS representation of Ai on the Hilbert space Hi such that (i) Tj(xj) = 
Ci) for all Xi G A and (ii) Hi = {^(xj)^ | X; G ^}. 

o 

Let Hi— Hi C(,i for i = 1,2. The Hilbert space free product of and (^2,62) is 

given by 



W = (Wi, eo * (Wa, 6) = ce © 1 ® • • • ® W. 




where £ is the distinguished unit vector in H. Let, for i — 1, 2, 



W(i) = C£©0( H h ®---®H 

n>l \i^j 1 ^j 27 ^ --^j n 




We can define unitary operators Vi : Hi ® H{i) H as follows: 

& ® £ ^ £ 

6 ® {H n ® ■ ■ ■ ® Wi„) ®---®H jn 
Hi ®{Hn ® ■ ■ ■ ® W*J ® Wji ® • • • ® 
Let Aj be the representation of ^ on 7i given by 

Ai (x) = Vi (7Ti (x) <g> ) K* > V X G A • 

Then the reduced free product of (Al,ti) and (.4.2,72), or the reduced free product of Ai 
and A2 with respect to T\ and r 2 , is the C*-algebra generated by Ai(Al) and A2(*4.2) in B(H), 
and is denoted by 

(Ai,n) * red (A 2 ,t 2 ). 

Moreover, the free product state r = T\ * t 2 on (Ai,ti) * re d (A2,t 2 ), given by r(x) = (x£,£), is 
a faithful tracial state if both t% and T2 are faithful tracial states on A%, and A 2 respectively. 

Remark 2.3.1. Suppose that A\, and A 2 are unital C* -algebras with faithful tracial states 
T\, and r 2 respectively. Suppose that 1^ G B\, and G B 2 , are unital C* -subalgebras of A\, 
and A 2 respectively. Then there is an embedding 

(#L,Tl| Bl ) * red (B 2 ,T 2 \b 2 ) Q (Ai,Tx) *red (A 2 ,T 2 ). 
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2.4. Blackadar and Kirchberg's MF algebras. Recall the definition of Blackadar and 
Kir chb erg's MF algebras ([5]) as follows. 

Definition 2.4.1. A separable C* -algebra A is called an MF algebra if there is an embedding 
from A into Ylh=i -M- nk (C)/ YlT=i -M nk (C) for a sequence of positive integers {nk}^ =1 where 
A4 nfe (C) is the n k x n k complex matrix algebra. 

We will need the following lemma in the later sections. 

Lemma 2.4.1. Let A be a unital separable C* -algebra. Then the following are equivalent. 

(i) A is an MF algebra; 

(ii) For any family of self-adjoint elements X\, . . . ,x n in A, any e > 0, and any family of 
noncommutative polynomials Pi, . . . , P r in C(X 1; . . . , X n ) , there are a positive integer 
k and a family of self-adjoint matrices 

in M k {C) 
\P j (A 1 ,...,A n )\\\<e. 

Proof. Note a separable C*-algebra A is an MF algebra if and only if every finitely gen- 
erated C*-subalgebra of A is an MF algebra (see Corollary 3.4.4 in [5]). The rest follows from 
Theorem 5.2 in |2T]. □ 

Remark 2.4.1. A separable C* -subalgebra of an MF algebra is also an MF algebra. 

3. Reduced Free Products of AH Algebras 

In this section, we are going to show that reduced free products of unital AH algebras 
with respect to given faithful tracial states are MF algebras. First, we need to consider GNS 
representation of a finite dimensional C*-algebra. 

3.1. GNS representation of a finite dimensional C*-algebra. Suppose that B is a 
finite dimensional C*-algebra and ip is a faithful tracial state of B. 

Let d = dimcB, the complex dimension of B. Then there is a family of elements 1, bi, . . . , b^-i 
in B that forms a basis of B, where 1 is the identity of B. Note ip is a faithful tracial state of B. 
We can introduce an inner product on B as follows. 

(x,y) = 4>(y*x), Wx,yeB. 

By the Gram-Schmidt orthogonalization in Section 2.1, for the basis 1, bi, . . . , b^-i of B, we let 

P 1 (l,6 1 ,...,6 d _ 1 :^) = l 



A\, . . . , A n 

such that 

max |||P/(xi, . . . ,x n )\\ - 

Kj<r 
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1 
1 



bi 



i>(b m -l) 



Jm-l 



2<m<d; 



P m (l,6i, • • • A-i : 



&{P m (l, : ^)*P m (l, : V))) 



1/2 ' 



1< m < d. 



and 

P m (l,6i,...,6 d _i : V) 1 
and 

p m (l,&i, • • .,6«j_i : ip) = 
Then 

1 = 6i, . . . , : V), P2(l, &i, • • • , : ip), • • • , Pd(l, &i, • • • , : 
forms an orthonormal basis of £> = L 2 (£>,-?/>). 

Lemma 3.1.1. Suppose that B is a finite dimensional C* -algebra with a basis 1, b±, . . . , bd-i, 
where d is the complex dimension of B. Suppose that ip is a faithful tracial state of B. Let 

1 = pi(l, : ip), P2(l, &i, • • • , b d -i --ip), Pd(l, 6i, • • • , 6d-i : 

&e defined as above. 

Let C d be a d- dimensional complex Hilbert space with an orthonormal basis ei, . . . , e^. Then 
there is a faithful unital * -representation p^ : B — > .Md(C) o/B on C d snc/i that 

(i) (p^,,C d ,ei) a GNS representation of(B,ip), i.e. 

(a) ^(a) = (p^(a)ei, e\) for all a G B. 

(b) C d = {p^(a) ei |aGS} 

(ii) For eac/i 1 < i < d — 1, 

P^bi) = B^* = [b(s,t : i, V)]t=i e A<d(C) 

where b(s,t : i, V0> ^ e (s,t)-th entry of the matrix B^, is given by 

b(s, t:i,ij})= ^(pt(l, 6i, ■ ■ ■ , 6«j-i : ip)*bip s (l, h, . . . , b d _i : ip)) 

Proof. Note that B is a finite dimensional C*-algebra with a faithful tracial state ip. We 
can view B = L 2 (B,ip) as a Hilbert space with the inner product induced from ip. Thus 
B = L 2 (B,ip) is isomorphic to C d as a Hilbert space. By the explanation preceding the lemma, 
we can introduce a unitary U : L 2 {B,ip) — > C d by mapping 

p m (l, 6i, . . . , b d ~i : VO !-> e m , V 1 < ra < d. 

Apparently, such [/ induces a faithful unital ^representation : B — > .Md(C) by 

Pv ,(6) = f/6fT, W b E B. 
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Now it is easy to verify that (p^, C d , e\) is a GNS representation of (£>, ip) satisfying (a) and (b). 
Moreover, for each 1 < % < d — 1, 

P^k) = Bij, = [b(s,t : i,il>)] d Sit=1 G M d (C) 

satisfying 

b(s, t:i,ij>) = ^(Pt(l, h, ■ ■ ■ , &d-i : ^>)*&iP a (l, &i, . . . , &d_i : ip))- 
This completes the proof. □ 

Lemma 3.1.2. Suppose that B is a finite dimensional C* -algebra with a basis 1, bi, . . . , b^-i, 
where d is the complex dimension of B. Suppose that {t, t 7 }^ 1 is a family of faithful tracial 
states of B satisfying 

lim r 7 (6) = r(6) V6g8. 

7— >oo 

Let C d fre a d-dimensional complex Hilbert space with an orthonormal basis ei, . . . , e^. T/ien 
£/jere zs a sequence of faithful unital * -representations p r ,p Tl '■ $ —> -M- d (C) of B on C d for 
7 = 1,2... s«c/i that 

(i) (p r ,C d , ei) and (p T ^ , C d , ei) are GNS representations of{B,r), and (£>, r 7 ) respectively. 

(ii) For eac/i 1 < i < d — 1, 

lim ||/9 T - /o T (6i)|| = 

7^00 

Proof. Note B is a finite dimensional C*-algebras with a basis 1, 61, ... , fr^-i and {r, r 7 } 7 ^ =1 
is a family of faithful tracial states of B. C d is a d-dimensional complex Hilbert space with 
an orthonormal basis ei,...,e d . By Lemma 3.1.1, there is a sequence of faithful unital *- 
representations p T , p Ti : B — > TVfrf(C) of £> on C d for 7 = 1, 2 . . . such that 

(iii) (p r ,C d ,ei) and (p r7 , C d , ei) are GNS representations of (B, r), and (B, r 7 ) respectively. 

(iv) Moreover, for each 1 < % < d — 1, 

p r (6,) = S iiT = [b(s,t : i,r)]* t=1 G M d (C) 

satisfying 

&(s, t:i,r) = r(p t (l, 61, ... , & d _i : r)*&;p s (l, 61, ... , : r)); 
and, for 7 = 1,2,... 

PrM = B hTi = [b(s,t : i,r 7 )£ t=1 G A< d (C) 

satisfying 

&(s, t : i, r 7 ) = r 7 (p t (l, 61, ... , b d -i ■ T 7 )*&;p s (l, 61, ... , & d _i : r 7 )). 

Since 

lim T Jb) = r(6), V 6 G £, 

7— >oo 

by the choices of 

1 =pi(l,6i, . . . ,6d_i : t), p d (l,6i, . . . : t) 



and 

1 =pi(l,&i, ...,b d -i : t 7 ), p d (l,6i,...,6 d _i : r 7 ) 

in the discussion before Lemma 3.1.1, we know that 



lim b(s, t : i, r 7 ) = 6(s, t : i,r). 

7^00 



It follows that 



lim || p T (6j) — p T (bi) || < lim <i 2 ( max \b(s, t : i, r 7 ) — 6(s, t : i, t) | ) = 0, V 1 < i < d- 1. 

7— >oo 7^00 yi<s,t<rf 1 

□ 

Definition 3.1.1. Suppose that A and B are separable unital C* -algebras. Let e > be a 
positive number. Suppose that family of elements in A. Then we call 

{x ± , ...,x n }C t B 

if the following holds: 

There are (i) yi, ■ ■ ■ ,y n in B and (ii) unital faithful * -representations p 1 : A — > B(H) 
and p 2 : B — > B(7i) on a Hilbert space 7i such that 

max \\pi{xi) - p 2 {Vi)\\ < e. 

l<i<n 

LEMMA 3.1.3. Suppose that A is a separable unital C*-algebra with a faithful tracial state 
ip. Suppose that B is a finite dimensional C* -algebra with a family {t,t 1 }'^ =1 of faithful tracial 
states of B such that 

lim rJb) = r(6), V b e B. 

7— >oo 

Suppose that family of elements in (A,ip) * re d {B,t). Then, for any e > 0, 

there is a 70 > such that 

{Xi, . . . , X n } C t (A, 1p) *red (B, r 7 ), V 7 > 70. 

Proof. Note that B is a finite dimensional C*-algebra. Assume that 1, b±, . . . , b^-i is a basis 
of B, where d is the complex dimension of B. Let C d be a rf-dimensional complex Hilbert space 
with an orthonormal basis e±, . . . , e d . By Lemma 3.1.2, there is a sequence of faithful unital 
^representations p T , p Tj : B — > .Md(C) of £> on C d for 7 = 1, 2 . . . such that 

(i) (p r ,C d ,ex) and (p r7 ,C d ,ei) are GNS representations of r), and r 7 ) respectively. 

(ii) For each 1 < i < d — 1, 

lim ||p T7 (6i)- p r (6i) || =0 (3.1.1) 

7— >oo 

Let (ir, be the GNS representation of (A, ip) on a Hilbert space 7Yi such that £1 is 

cyclic for ir(A) and ip{a) = (vr(a)^i,^i) for all a in A 

Let (7-^2,^2) = (C d ,ei) and H be the free product of Hilbert spaces (7Yi,£i) and (7^2,^2) as 

o 

in Section 2.3. Let 7ij and 7i(i) be defined as in Section 2.3 for i — 1,2 and V 1: V 2 be the unitary 
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operators as defined in Section 2.3. Let A be the representation of A and B on the Hilbert space 
Tt defined as follows: 

A(a) = Vi(7r(a) ® I H (i))K, V a e A; (3.1.2) 
A(6) = V 2 {p T {b) ® I H (2))V*, V 6 e iB; (3.1.3) 

Let A 7 , 7 = 1, 2, . . . , be a sequence of representations of ^4 and £> on the Hilbert space TC defined 
as follows: 

A 7 (a) = V 1 (n(a) ® /^(i))^*, V a G .4; (3.1.4) 
A 7 (6) = V 2 (p 7 (6) (g) I W(2) )V 2 *, V 6 e B; (3.1.5) 
Then by the definition of reduced free product in Section 2.3, we know that 

(a) (A,ip) *red (£>, r) is the unital C*-subalgebra of B(TC) generated by 

{A(a) | a G ^}U {X(b) \ b e B}; 

(b) (.4, VO *red (B, Tj) is the unital C*-subalgebra of B(TC) generated by 

{A 7 (a) \ a e A}U {A 7 (6) | b G B}. 
Moreover, by (3.1.2) and (3.1.4), we know that 

A(a) = A 7 (a), VaGi (3.1.6) 
By (3.1.1), (3.1.3) and (3.1.5), we know that, for 1 < i < d - 1, 

lim ||A(6j) - A 7 (6 j )|| = lim \\V 2 (p^h) ® J w(2)) y 2 * - ^ 2 (p r (6 ? ;) <g> /« ( 2))V 2 *II = 0- (3.1.7) 

7— too 7^-00 

Since Xi, . . . , x n are in (A, ip) * re d (B, r), there are elements ai, . . . , in A and noncommu- 
tative polynomials P\, . . . ,P n such that, for all 1 < j < n, 

\\x j -P j (X(ai),...,X(a N ),X(b 1 ),...,X(b d ^ 1 ))\\ < e/3. 

On the other hand, by (3.1.6) and (3.1.7), we know when 7 is large enough, for all 1 < j ' < n. 

||Pj(A(ai), . . . , A(ajv), A(foi), . . . , \{b d -i)) - P J -(A 7 (ai), . . . , A 7 (aAr), A 7 (6i), . . . , A 7 (6 d _i))|| < e/3. 

Therefore, when 7 is large enough, 

\\xj -P i (A 7 (ai),...,A 7 (a Ar ),A 7 (6i),...,A 7 (6 d _i))|| < e. 

I.e. when 7 is large enough, we have {xi, . . . , x n } C e (^4, ^) * red (i3, r 7 ). □ 

3.2. Reduced free products of matrix algebras. In this subsection, we will show that 
the reduced free products of matrix algebras with respect to given tracial states are MF algebras. 
Recall the following remarkable result of Haagerup and Thorbj0rnsen. 

Lemma 3.2.1 (Haagerup and Thorbj0rnsen). For all positive integer n > 2, C*(F n ) is an 
MF algebra, where F n is the nonabelian free group on n generators and C*(F n ) is the reduced 
group C* -algebra of the free group F n . 

The following result can be found in Thereom 4.1 in [22J. 
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Lemma 3.2.2. Suppose A is a unital MF algebra and G is a finite group. Suppose that 
a : G —>■ Aut(A) is a homomorphism from G into Aut(A). Then the reduced crossed product, 
A x ar G, of A by G is an MF algebra. 

Proof. For the purpose of completeness, we sketch its proof here. In fact the proof follows 
directly from the definition of reduced crossed product in section 2.2. 

Recall the definition of reduced crossed product as follows. Assume that A acts on a Hilbert 
space 7i. Let 1 2 {G) be the Hilbert space associated to the group G with an ortho normal basis 
{e g }g(zG and A be the left regular representation of G on 1 2 {G). Let E g be the rank one projection 
from l 2 (G) onto the vector e g in 1 2 {G). Let a be the representation of A and G on 7i ® 1 2 {G) 
induced by the following mapping: 

a{g) = I H ®\{g), VgGG; 

a(x) = ^2a~ 1 (x) <S> E g , V x e A. 
g eG 

Then the reduced crossed product, A x ar G, of A by G is the C*-subalgebra generated by 
Mg)} geG U {a(x)} xeA in B{H ® l 2 (G)). 

Note G is a finite group. Then B(l 2 (G)) ~ A^fc(C) for some positive integer k. Moreover, for 
all g e G and x e A, a(g) and a(x) are in A®B(l 2 (G)). Since A is an MF algebra, A®B(l 2 (G)) 
is also an MF algebra (see Proposition 3.3.6 in [5]). It follows that A x Q ,r G, as a C*-subalgebra 
of A<2) B(l 2 (G)), is also an MF algebra. This completes the proof of the lemma. □ 

A quick corollary of the preceding lemma is the following statement. 

Corollary 3.2.1. For any positive integer n > 2, C^iTLn * F n ) is an MF algebra, where T^n 
is the quotient group Z/raZ and Z n * F n is the free product of group Z n and the free group F n . 

Proof. Assume that u is a natural generator of Z n , i.e. u n = e and u J ^ e for all 1 < j < n. 
Assume that gi, . . . , g n are the natural generators of F n . Let a be an action of Z n on F n induced 
by the following mapping: 

a{u)(gi) = g i+1 for 1 < i < n - 1, and a{u)(g n ) = g x . 

Let hi = g\g\ . . . g\ for i — 1, 2, . . . , n be elements in F n . Then we observe that as elements in 
F n x a Z n , the elements u, hi,. . . , h n are free in F n x a Z n . In other words, Z n * F n can be viewed 
as a subgroup of F n x a Z n . Therefore, 

C r *(Z n * F n ) C C;.(F n x a Z„) = C* r {F n ) x Qjr Z n . 

By Haagerup and Thorbj0rnsen's result and Lemma 3.2.2, we know that C*(Z n * F n ) is an MF 
algebra. □ 

Lemma 3.2.3. For any n>2, let r n be the normalized trace on Ai n (C). Then 

(M n (C) 

j T n) *red (M n (C) 



is an MF algebra. 



12 

Proof. Assume that the group Z„ * F n is generated by the natural generators u in Z 
and gi, . . . ,g n in F n . Let A be the left regular representation of Z n * F n on the Hilbert space 
/ 2 (Z n * F n ) with the cyclic and separating vector rji. Thus C*(Z n * F n ) is generated by A (it) and 
X( gi ),...,X(g n )mB(l 2 (Z n *F n )). 

Assume the second copy of Z n is generated by another natural generator v. Let 7 in C 
be the n-th root of unit. Let a : Z n — > Aut(C*(7i n * F n )) be a homomorphism from Z n into 
Aut(C*(Z n * F n )) induced by the following mapping: 

a(v)(X(u)) = j\{u) 

a(v)(X(gi)) = \(g i+ i), for 1 < % < n - 1 
<x(v)(\(g n )) = \(gi). 

Let C*(Z n * F„) x ajf . Z n be the reduced crossed product of C*(Z n * F n ) by the group Z n . 
Recall the definition of reduced crossed product of C*-algebras as in Section 2.2. Let Z 2 (Z n ) be 
the Hilbert space with an orthonormal basis e±, e v , e v 2, . . . , e v n-i. Let A : Z n — > B(l 2 (Z n )) be 
the left regular representation of Z n on the Hilbert space / 2 (Z„) with the cyclic and separating 
vector e\. Let H = l 2 (Z n * F n ) <g> / 2 (Z„). Then we introduce representation a of Z n and Z n * F n 
on as following 

v(g) = iinz n *F n ) ® Kg), V g e z n 

<r(h)(£ <g> e„i) = (a~ 1 (v i )(X(h))(^)) <g> e„i, V /i G Z n * F n , VKKn. 

Then C*(Z„ * F„) x a)J . Z n is the C*-algebra generated by {<r(g), <r(h) \ g E Z n and h E Z n * F n } 
in B(H). And we have 

(T(f)o-(-u) = 7<r(-u)(T(f ). 

Furthermore, there is a canonical faithful tracial state r on C*(Z„*F„) x ar Z n , which is defined 
by 

t(x) = {xijix <g> ei),?7i <g> ei), ViG C r *(Z n * F n ) x a ,r Z n . 

CLAIM 3.2.1. {cr(i>), cr(u)} and {cr(gi)} are free with respect to r in C*{Z n * F n ) y\ a , r Z n 

[Proof of Claim:] Note that {a{u l )a{y^) | < i, j < n — 1} forms a basis for the C*-subalgebra 
generated by o~(u) and <r(i;) in C*(Z n * F„) xi Q!j . Z n . And {o r (fi'i)}^_ 00 forms a basis for the C*- 
subalgebra generated by a(gi ) in C*(Z n * F n ) xi Qjr . Z n . Therefore to prove the claim it suffices 
to show the following: For any positive integer r, nonzero integers ni, ri2, , • • • , n r , and integers 
mi, ki, . . . , m r , k r with < m,, k{ < n and (rrii, ki) 7^ (0, 0) for 1 < i < r , we have 

r(a(g^)a(u^)a(v k ^) ■ ■ ■ a(g^)a(u^)a(v k ^) = 0. 

Note that 

T{a(g?)a(u mi )a(v kl )---a(gF)a(u^)a^ (a(v kr )a(u mi )a(v kr Y) 

(a(v kr+kl )a(g^ 2 )a(v kr+kl )*) ■ ■ ■ (a(v kr+kl+ --- kr - 1 )a(u mr )a(v kr+kl+ --- kr - 1 )*) a (v kr+kl+ - kr - 1 )) 

Thus it will be enough if we are able to show the following is true: For any positive integer 
r, nonzero integers n l5 n 2 , , . . . , n r , and integers m,i,pi, . . . ,m r ,p r with < m^pi < n and 
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(m,i,pi+i — Pi) 7^ (0, 0) for 1 < i < r, we have 

T((a(v pi )a(g^)a(v P1 )*) a{u mi ) (a(v P2 )a(g^ 2 )a(v P2 )*) ■ ■ ■ (a(v Pr )a(g^)a(v p *)) a(u nir )) = 0, 
The last equality is equivalent to: 

WVMOO • ■■<9il P >{v mr )) = o. 

On the other hand, by the freeness of u and g±, . . . , g n in Z n *F n , we know, if (mi,p i+1 —pi) ^ (0, 0) 
for 1 < % < r then 

g n x \ v y^g n x \ V2 ■ ■ ■ gT +Pr u mr is a reduced word in Z n * F n . 

Therefore 

This implies that {a{y),a{u)} and {cr(gi)} are free with respect to r in C*(Z n * F n ) y\ a ^ T Z n . 
This ends the proof of the claim. 

[Continue the proof of the lemma:] Since u and v are two natural generators of the group Z n 
and a(u)a(v) = , ~fa(v)o-(u) where 7 is the n-th root of the unit, the C*-subalgebra B generated 
by a{u) and a{y) in C*(Z n * F n ) xi a r Z n is *-isomorphic to A4 n (C). By Claim, we know that B 
and a(gi)Ba(gi)* are free with respect to r in C*(Z n * F n ) y\ a , r Z n . Since r is a faithful tracial 
state on C*(Z„ * F n ) x ajr Z n , r is also a faithful tracial state on the C*-subalgebra generated by 
B and a{gi)Ba(gi)* . Combining with the fact that B is ^-isomorphic to M n (C), we know that 

(Al n (C),r n )* re ,(Al n (C),T n ) ~ (B,r\ B )* red (B,r\ B ) ~ C*(B, a{ gi )Ba(giY) C C r *(Z n *F n ) x a , r Z„. 

By Lemma 3.2.2 and Corollary 3.2.1, we know that 

(A4„(C),r n ) * re(i (M n (C),r„) 

is an MF algebra. □ 

Definition 3.2.1. Suppose that 

B ~ A^ ni (C) © >ln 2 (C) © • • • © M nr (C) 

is a finite dimensional C* -algebra. Let r ni be the normalized tracial state on A4 ni (C) for each 
1 < % < r. Moreover every element x in B can be written as 

x = xi © x 2 © • • • © x r , with each Xi G A4 ni (C), V 1 < i < r. 

Then a tracial state r on B is called a rational tracial state if there are rational numbers < 
«x, . . . , a r < 1 such that 

t(x) = air ni (xi) H h a r T nr (x r ), V x G B. 

Proposition 3.2.1. Suppose that B\ and B 2 are finite dimensional C* -algebras with faithful 
rational tracial states r 1; and r 2 respectively. Then 

(Bi,Ti) * red (B 2 ,T 2 ) 

is an MF algebra. 
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Proof. Since both T\ and r 2 are faithful rational tracial states on B±, and B2 respectively, 
there are a positive integer n and trace-preserving, faithful, unital *-monomorphisms ~K\ : B\ — > 
Af n (C), and 7r 2 : £> 2 — »■ .M n (C), such that 

T n (7Ti(xi)) = ri(xi) and T n (ir 2 (x 2 )) = r 2 (x 2 ), V x x e B u x 2 e B 2 , 

where r n is the tracial state on M. n (C). Therefore, 



3.3. Reduced free products of unital AH algebras. Recall the definition of unital AF 
algebra as follows. 

Definition 3.3.1. A unital separable C* -algebra A is called approximately finite dimensional 
(AF) algebra if for every x±, . . . ,x n in A and every e > 0, there is a finite dimensional C- 
subalgebra 1^ G B C A satisfying 



The following lemma is quite useful. 

Lemma 3.3.1. Suppose that A is a separable C* -algebra. Assume for every xi, . . . ,x n in A 
and every e > 0, there is an MF algebra A± such that 



Then A is also an MF algebra. 

Proof. Assume that family of self-adjoint elements in A and e > 0. Suppose 

that P±,...,P r is a family of noncommutative polynomials in C(X 1; . . . , X n ). Therefore, by 
condition on A, we know that there is an MF algebra A± and a family of self-adjoint elements 
yi, . . . , y n in A\ such that, for all 1 < j < r 



(Bi,ri) * red {B 2 ,t 2 ) c (M n (C), T n ) *red (M n (C),T n ). 
By Lemma 3.2.2, we know that (£>i, t\) * rerf (B 2 , r 2 ) is an MF algebra. 



□ 



max distixi, B) < e. 

l<i<n v > / — 



. . . , x n } C e A\ 



(in the sense of Definition 3.3.1). 




□ 
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Lemma 3.3.2. Suppose thatBi andB 2 are finite dimensional C* -algebras with faithful tracial 
states t, and ip respectively. Then 

(Bi,r) *red (B 2 ,i>) 

is an MF algebra. 

Proof. Suppose that family of elements in (B±, r) * red (B 2 , ip) and e > is a 

positive number. 

Apparently, there is a sequence of faithful rational tracial states r a , a — 1, 2 . . ., on B\ such 
that 

lim r a (6) = r(6), V 6 e Si. 

a— >oo 

Thus by Lemma 3.1.3, there is a positive integer a such that 

{xi, . . . , x„} C e (£>!, r Q ) * re(i (£> 2 , ( m the sense of Definition 3.3.1) 

whence there are yi,...,y n in (Bi,r a ) * re d (B 2 ,ip) and unital faithful ^representations p\ of 
(£>i, r) * re( i (£>2, '0) and p 2 of (Bi, r a ) * re d (B 2 , ip) on a Hilbert space Tt such that 

max \\pi(xi) - p 2 (yi)\\ < e. 

l<i<n 

Applying Lemma 3.1.3 again, we know that there is a faithful rational tracial state ipp on 
B 2 such that 

{y X , ...,y n }Qt (Si, To) *red (B 2 , Ipp). 

I.e. there are zi,...,z n in (Bi,r a ) * rerf (B 2 ,ipp) and unital faithful ^representations p3 of 
(Bi,r a ) * re d {B 2) ip) and p± of (Bi,T a ) * re d (B 2 ,ipp) on a Hilbert space /C such that 

max \\p 3 (yi) -Pi(zi)\\ < e. 

l<t<n 

Without loss of generality, we can assume that both p 2 and p 3 are unital, faithful, essential 
representations, i.e. there is no nonzero compact operator in the ranges of p 2 and p 3 . By a 
result in |25| . there is a sequence of unitaries u k : 7i — > /C, for fc = 1, 2, . . ., such that 

limsup \\p 2 {y) - u* k p 3 (y)u k \\ =0, VyG (#i,r Q ) * red (B 2 ,i/>). 

It follows that, V 1 < i < n, 
lim sup 1 1 p\{xi) - u* h pi(zi)uk\\ 

fc^oo 

< limsup (\\pi(xi) - p 2 (yi)\\ + ||/? 2 (2/i) - u* k p 3 (yi)u k \\ + ||UfcP3 _ u *kPi( z i)uk\\) 

k—*oo 

< 2e. 

Altogether, we have that 

{xi, ...,x n } C 3e (Bi, r a ) * red (B 2 , V^)- 

By Proposition 3.2.1, we know that (Bi,T a ) * re d (B 2 ,ipp) is an MF algebra. Thus by Lemma 
3.3.1, we know that (Bi,t) * re d {B 2l ip) is an MF algebra. □ 
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Theorem 3.3.1. Suppose that Ai and A2 are unital separable AF subalgebras with faithful 
tracial states r 1; and r 2 respectively. Then 

{Al.Tx) * red (A 2 ,t 2 ) 

is an MF algebra. 

Proof. Suppose that family of elements in (Ai, T\) * re d (A2, T2) and e > is 

a positive number. 

By the definition of AF algebra, we know that there are finite dimensional C*-algebras 
Ij^ £ Bi C Ai for i = 1,2 such that 

{xi, . . . , x n } C e the C*-subalgebra generated by B\ and £> 2 in (A\, T\) * re d (A2, T2) • 

Since T\ * r 2 is a faithful tracial state of (Ai, t±) * red (A2, T2) an d G Bi, Ia 2 £ #2, we know 
that the C*-subalgebra generated by Si and B 2 in (»4i,Ti) * red (A2,t 2 ) is ^-isomorphic to 

(^l^llej *red (B2,r 2 \B 2 )- 

Therefore, 

{Xi, . . .,X n } C e (Bi,Ti| Bl ) * red (S 2 ,T 2 |b 2 ). 

By Lemma 3.3.2, we know that (Si, TiIbJ * re ^ (i32,r 2 |g 2 ) is an MF algebra. It follows from 
Lemma 3.3.1 that 

(Ai,n) *red (A 2 ,t 2 ) 

is an MF algebra. □ 

Lemma 3.3.3. The following statements are true: 

(1) Suppose that X is a compact metric space and C(X) is the unital CT -algebra consisting 
all continuous functions on X. Let r be a faithful tracial state on C(X). Then there 
are a unital separable AF algebra A with a faithful trace ip and a unital embedding 
p : C(X) -»• A such that r(x) = i/>(p(x)) for all x G C{X). 

(2) Suppose that B ~ ©f =1 (A / l rii (C)®C(X i )') is a unital separable CT-algebra with a faithful 
tracial state t, where each Xi is a compact metric space for 1 < i < k. Then there are a 
unital separable AF algebra A with a faithful trace ip and a unital embedding p : B — > A 
such that t(x) = ip(p(x)) for all x G B. 

Proof. It suffices to prove (1). Since X is a compact metric space, C(X) is a separable 
C*-algebra. We might assume that {x n }^ =1 is a dense subset in C(X). Let p be the GNS 
representation of C(X) on the Hilbert space L 2 (C(X),t). Any element a in C(X) corresponds 
to a vector a in L 2 {C(X), r). Let ip be the vector state defined by ip{T) = (Tl, 1) for all T in 
B(L 2 (C(X) ) t)), where 1 is the unit of C(X). Let M. be the von Neumann algebra generated by 
p(C(X)) in B(L 2 (C(X), r)). Since r is a faithful trace of C(X) and p is the GNS representation 
of the unital C*-algebra C(X), we know p is a faithful ^representation of C(X) and Ai is an 
abelian von Neumann algebra with a faithful tracial state vp. 

By spectral theory, for each x n in C(X), there is a sequence of projections {p n ,k}kLi m -M 
such that p(a) is in the C*-subalgebra, C*({p„ i fc}^ =1 ), generated by {p n ,k}kLi m M.. Let A 
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be the unital C*-algebra generated by {Pn,k}^k=i m Therefore A is an unital AF algebra. 
Moreover if> is a faithful tracial state on A and p is a unital embedding from C(X) into A 
satisfying r(x) = ip(p(x)) for all x G C(X). □ 

Recall the definition of AH algebra in the sense of Blackadar (see Definition 2.1 in [4]). 

Definition 3.3.2. A unital separable C* '-algebra A is an approximately homogeneous (AH) 
C* -algebra if A is an inductive limit of a sequence of homogeneous C* -algebras A m , m = 1,2, . . ., 
where each A m = ©j=i(A^[ mjni ](C) ® C(X[ m ^)) and each X[ mi ] is a compact matric space. 

Theorem 3.3.2. Suppose that Ai and A2 are unital separable AH algebras with faithful 
tracial states T\, and r 2 respectively. Then 

(A,T X ) *red (A 2 ,T 2 ) 

is an MF algebra. 

Proof. For each i = 1,2, the unital AH algebra Ai is an inductive limit of homogeneous 
subalgebras {Am}^ =l , each of which is ^-isomorphic to some (Bj = i(M. nj (C) <8> C(Xj)) where 
each Xj is a compact metric space for 1 < j ' < k. By Lemma 3.3.3, we know for every x\, . . . ,x n 
in (Ai,n) *red {A2, t 2 ) and e > 0, there are a positive integer m, unital AF algebras D\ and X? 2 
with faithful tracial states tpi, and ip2 respectively, such that 

{X!,...,x n } C £ (A$,n)*red ,T 2 ) C (Pl,Vl)*red (T> 2 ,fo). 

By Lemma 3.3.1 and Theorem 3.3.1, we know that (Ai, Ti) * re d {A2, t 2 ) is an MF algebra. □ 

Recall a C*-algebra A is called a local AH-algebra if for every e > and for every finite subset 
ai, . . . , a n of A there is a C*-subalgebra B of A which (i) is homogeneous, i.e. B is ^-isomorphic 
to a C*-algebra of the form ©i=i(A^[ m , n j(C) <8> C(X[ mji ])), and (ii) contains elements b\, . . . ,b n 
with \\cij — bj\\ < e for j = 1, . . . ,n. Similar argument in the proof of Theorem 3.3.2 proves the 
following statement. 

Proposition 3.3.1. Suppose that A\ and A2 are unital, separable, local AH algebras with 
faithful tracial states T\, and r 2 respectively. Then 

(Ai, ri) * re d (A2, t 2 ) is an MF algebra. 

Apparently, Theorem 3.3.2 can be generalized as follows. 

Theorem 3.3.3. Suppose that Ai, i = 1, . . . ,n, is a family of unital separable AH algebras 
with faithful tracial states . Then 

(A!, 7i) * red ■ ■ ■ * red (A n , r n ) is an MF algebra. 

Proof. Let A = A\ <S> m in • • ■ ®min An be the minimal tensor product of Ai, . . . ,A n and 
r n be the tensor product of the tracial states n, . . . , r n . Then A is an AH 
algebra with a faithful trace r. Let C*(Z) be the reduced C*-algebra of the group Z with a 
canonical faithful trace t%. 
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By Proposition 3.3.1 or Theorem 3.3.2, we know that (A, r)* re d(C*(Z), r%) is an MF algebra. 
And we note that 

(Ai, n) * red ■ ■ ■ * red (A n , T n ) C (A, r) * red ■ ■ ■ * red (A, t) C (A, r) * red (C r *(Z), r z ). 
Therefore 

is an MF algebra. □ 

Corollary 3.3.1. Suppose that (A, r) is a C*-free probability space. Let xi,...,x n be a 
family of self-adjoint elements in A such that free with respect to r. Then the 

C*-subalgebra generated by Xi, . . . ,x n in A is an MF algebra. In particular, 

8top(%l, ■ ■ ■ j ^n) > 0, 

where S top (xi, . . . ,x n ) is the Voiculescu's topological free entropy dimension. 

Proof. It follows directly from the definition of Voiculescu's topological free entropy di- 
mension [30] and the definition of MF algebra (see Lemma 2.4.1). □ 

More discussions on topological free entropy dimension can be found in [19] , [20] . and [21J. 

3.4. Reduced free product of unital ASH algebras. Recall if B is a unital sub- 
homogeneous C*-algebra (or equivalently, a C*-subalgebra of a homogeneous C*-algebra), then 
all irreducible ^representations of B are finite dimensional with dim < n for some positive 
integer n G N. Suppose r is a faithful tracial state of B and H is the Hilbert space L 2 (B,t). 
Each element a in B corresponds to a vector a in L 2 (B, r). Let 7r be the GNS representation of 
B on the Hilbert space L 2 (B,t). Then the von Neumann algebra, n(B)", generated by 7r(£>) in 
B(L 2 (B,t)) has the form: 

n(B)" ~® n k=l (M k (C)®B k ), 
where each B k is either a unital abelian von Neumann algebra or 0. Let ip be the vector state 
defined by ip(T) = (Tl, 1) for all T in B(L 2 (B, r)), where 1 is the unit of B. Since r is a faithful 
trace of B and 7r is the GNS representation of the unital C*-algebra B, we know ip is a faithful 
trace of tt(B)" and 

r(x) = ip(iT(x)), V x e B. 
Hence tt is a unital, trace-preserving, embedding from B into tt(B)" such that 

(B,T)C(7T(B)",V)- 

By similar argument as in Lemma 3.3.3, we have the following result. 

Lemma 3.4.1. Suppose thatB is a unital separable sub-homogeneous C* -algebra with a faithful 
tracial state r. Then there are a unital separable AF algebra A with a faithful trace ip one? a 
unital embedding p : B — > A such that t(x) = ip(p(x)) for all x G B. 

Recall an ASH algebra (approximately sub-homogeneous C*-algebra) is an inductive limit 
of a sequence of sub-homogeneous C*-algebras. By similar arguments as in Theorem 3.3.2 and 
Theorem 3.3.3 (using Lemma 3.4.1 instead of Lemma 3.3.3), we have the following result. 
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Theorem 3.4.1. Suppose that A%, % — 1, . . . , n, is a family of unital separable ASH algebras 
with faithful tracial states 7$. Then 

(A, 7i) *red ' ' ' *red (^ni 7"n) 

is an MF algebra. 

4. BDF Extension Semigroups and Reduced Free Products of AH Algebras 

Recall the definition of quasidiagonal C*-algebra as follows. 

Definition 4.0.1. A set of elements {ai,...,a n } C B(Ti) is quasidiagonal if there is an 
increasing sequence of finite-rank projections {p, i \ c *l 1 on 7i tending strongly to the identity such 
that \\a,jPi — PiCLjW — > as i — > oo for any 1 < j < n. A separable C* -algebra A C B(H) is 
quasidiagonal if there is an increasing sequence of finite-rank projections {p i }°? =1 on 7i tending 
strongly to the identity such that \\xpi — Pix\\ — > as i — > oo /or any a; e A. An abstract separable 
C*-algebra A is quasidiagonal if there is a faithful * -representation n : A — > suc/i i/iat 

7r(^4) C -B(7i) is quasidiagonal. 

By a result of Rosenberg, we know that C*(F 2 ) is not quasidiagonal. 

We will use the fact that a C*-subalgebra of a separable quasidiagonal C*-algebra is also 
quasidiagonal. In other words, a separable C*-algebra, containing a non-quasidiagonal C*- 
subalgebra, is not quasidiagonal. 

4.1. Non-quasidiagonality of reduced free products of AH algebras. In this sub- 
section, we are going to discuss quasidiagonality of reduced free products of unital C*-algebras. 
Some of the conclusions stated in this subsection are direct consequences of results from other 
literature. 

The following result might have been known to experts. For the purpose of completeness, 
we include it here. 

THEOREM 4.1.1. Suppose that A\ andAi are unital separable C* -algebras with faithful tracial 
states T\, and r 2 respectively. If A\ and A2 satisfy Avitzour's condition, i.e. there are unitaries 
u G A\ and v,w e A 2 such that 

Ti(u) = T 2 (v) = T 2 (w) = T 2 (w*v) = 0, 

then 

(Ai,n) * red (A 2 ,T 2 ) 

is not a quasidiagonal C* -algebra. 

Proof. Let a = uvuv and 6 = uwuw be unitaries in *red (A 2 ,t 2 ). Then we know 

that a and b are two Haar unitary elements in (Ai,Ti) * re d (A 2 ,t 2 ) with respect to the trace 
Ti *r 2 . We note that 

ao = uvuvuwuw ao = uvu{vw )u w u a — v u (v w)uw a = vuvuwuwu 

7 7* /*\***7* **/*\ 7** ******** 

oa = uwuwuvuv oa = uwu{wv )u v u a = w u [w v)uv a = wuwuvuvu 
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Now it is not hard to check that a and b are free with respect to r% * t 2 . In other words, 
C*(F 2 ) is a C*-subalgebra of (Ai, ri)* red (A 2 , r 2 ). Since C*(F 2 ) is not a quasidiagonal C*-algebra, 
[Ax-, Ti) * red (A 2 , t 2 ) is not a quasidiagonal C*-algebra. □ 

The following result of N. Brown (see Corollary 4.3.6 in [10]) is also useful in determining 
the quasidiagonality of a unital C*-algebra. 

Lemma 4.1.1 (Brown). Suppose that A is a unital, separable, exact C* -algebra with a unique 
trace r. Let p : A — > B(L 2 (A, r)) be the GNS representation of A on the Hilbert space L 2 (A, t). 
If A is quasidiagonal, then p{A)" , the von Neumann algebra generated by p{A) in B(L 2 (A,r)), 
is a hyperfinite von Neumann algebra. 

Proposition 4.1.1. Suppose that C(T) is the unital C*-algebra consisting all continuous 
functions on the unit circle T and r is a faithful trace ofC(T) induced by the Lesbeague measure 
on T. Suppose that B ^ C is a unital, separable, C* -algebra with a faithful tracial state ip. Then 

(C(T),r) * Ted (8,-0) 

is not a quasidiagonal C* -algebra. 

Proof. We might assume that B is an exact C*-algebra. In fact, let 1 ^ v be a unitary in 
B and Jg G B\ be a unital C*-subalgebra of B generated by v in B. Since (C(T), r) * red (Bi,ip) 
is a C*-subalgebra of (C(T),r) * red (B,tp), to show (C(T),r) * red (B,ip) is not quasidiagonal it 
suffices to show that (C(T),r) * red (Bi,ip) is not quasidiagonal. Apparently B\ ^ C is a unital 
exact C*-algebra with a faithful trace ip. 

By Dykema's result in Theorem 2 of |13j . we know that (C(T),r) * re d (25,^) is a simple 
C*-algebra with a unique tracial state r Also by his result in Theorem 3.5 of [14] . we know 
that (C(T),r) * red (B,ip) is an exact C*-algebra. 

Let p be the GNS representation of (C(T), r) * re(i (£>, ^) on the Hilbert space L 2 ((C(T), r)* red 
(i3, ip),T*i/)). Assume that (C(T), r) * red (B, V 1 ) is a quasidiagonal C*-algebra. Then by Lemma 
4.1.1, we know that p((C(T),r) * red (B,tp))" is a hyperfinite von Neumann algebra. Let u be 
a Haar unitary in C(T) with respect to r and v ^ 1 be a unitary in £>. Then by Voiculescu's 
result in [28J, we know that 

5 {p(u), p(v)) = 6 (p(u)) + 6o(p(v)) = 1 + S Q {p(v)) > 1, 

where Sq is the modified free entropy dimension for finite von Neumann algebras. On the other 
hand, since p((C(T),r) * red (B,i[)))" is a hyperfinite von Neumann algebra, by |29| or [18J, we 
know 

5 (p(u),p(v))<l. 

This is the contradiction. Hence p((C(T),r) * red (B,ifj))" is not a hyperfinite von Neumann 
algebra. It follows that (C(T),r) * re( i (B,ip) is not a quasidiagonal C*-algebra. □ 

The following useful result was obtained by Dykema in Proposition 2.8 of [13] . 
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LEMMA 4.1.2 (Dykema). Let A — Ai © A2 be a direct sum of unital C* -algebras. Write 
p = 1 © G A and let <Pa be a state on A, such that < a = <Pa(p) < 1- Let B be a unital 
C* -algebra with a state 0g and let 

{V, 0) = (A, 4>A) *red (B, <j> B ) 

Let Vi be the C* -subalgebra ofV generated by Cp + (0 © A2) ^ A together with B. Then pVp 
is generated by pV x p and A\ © C A, which are free in (pT>p, ^0| p x> p ), i-e. 

{pV X p, -(f)\pV lP ) *red (A!, -</>a\Ai) - (P^P, ~<i>\pVp) Q V 

a a a 

Proposition 4.1.2. Let C(T) be the unital C* -algebra consisting all continuous functions 
on the unit circle T and r a faithful trace of C(Y) induced by the Lesbeague measure on T. Let 
A2 and B 7^ C be unital separable C* -algebras with faithful traces r 2 , and tp respectively. Let 
A = C(T) © A2 with a faithful trace (p given by <fi = ar + (1 — a)r 2 for some < a < 1. Then 

(A, 0) * red (B, ip) 

is not a quasidiagonal C*-algebra. 

Proof. Let (V,<j)*if}) ~ (-4,0) * re d{B,ip). By Lemma 4.1.2, there is a unital C*-subalgebra 
T>2 7^ C in V, such that (C(T), T)* re d(T>2, ) (0*^)1 p 2 ) can embedded (not necessary to 

be unital) into (-4, 0) * red (£>, -0). Combining with Proposition 4.1.1, we completed the proof. □ 

Recall a unital C*-algebra A with a faithful trace is diffuse if there is a unitary u such that 
4>(u n ) = for all n 7^ 0, i.e. u is a Haar unitary in A. 

Definition 4.1.1. Suppose that A is a unital C* -algebra with a faithful tracial state 0. Then 
(-4, 0) is called partially diffuse if there is a partial isometry v in A such that vv* = v*v and 
0(V) = for alln^O. 

Theorem 4.1.2. Suppose that A is a unital C* -algebra with a faithful tracial state 0. Then 
the following are equivalent: 

(1) (-4,0) is partially diffuse; 

(2) There is a unital C* -subalgebra B of A such that (£>, j^^b) is diffuse. (Note we don't 
require that B contains the unit of A.) 

(3) There is a unital C* -subalgebra C of A such that 

(C,^-y0)^(C(T),r), 

where C(T) is the unital C* -algebra consisting all continuous functions on the unit circle 
T and r is a faithful trace of C(T) induced by the Lesbeague measure on T. 

(4) There is a self-adjoint element x in A satisfying: 

Suppose that X is the spectrum of x in A and fj, is the Borel measure on X induced 
from the trace 0. Then there are real numbers a < b in X such that (i) n\xn[a,b] 
has no atom; (ii) the distance between X n [a, b] and X \ [a, b] is larger than 0. 



22 

Proof. (1) <^> (2) (3) is obvious. (1) (4) is by Lemma 4.2 in [H]. □ 

Proposition 4.1.3. Lei ^4 and B ^ C be unital separable C* -algebras with faithful traces 4>, 
and if> respectively. If (A, (ft) is partially diffuse, then 

(A, 0) *red (JB, i>) 

is not a quasidiagonal C* '-algebra. 

Proof. Note that A is partially diffuse. By Theorem 4.1.2, there is a unital C*-subalgebra 
C of A such that 

(C,-^-0)^(C(T),r), 
<P\Ic) 

where C(T) is the unital C*-algebra consisting all continuous functions on the unit circle T and 
t is a faithful trace of C(T) induced by the Lesbeague measure on T. Let p = Ic and q = Ia~P 
be the projections in A. Then is a faithful trace on the unital C*-subalgebra Cp + Cq of A 
and 

{C P + Cq, <j)) * red (B, 4J) C (A, <P) *red (B, ij)). 

By Proposition 4.1.2, we know that 

(A, 0) *red (JB, i>) 

is not a quasidiagonal C*-algebra. □ 

Lemma 4.1.3. Let A = C © C and B = C © C win faithful traces <fi, and ip respectively. Let 
p = 1 © 6e a projection in B. Then 

(p((A, 4>) * red (^,^))P,^y(0*^)lp(M,0K ed (B^))p) 

is partially diffuse. 

Proof. The C*-algebra (A, <p) * re d {B, ip) was totally determined in Theorem 13 of [2] (see 
also Proposition 2.7 in |13j). Thus the structure of p(A, 4>) * re d (B,ip)p is also determined as 
listed in Theorem 13 of j2j. Now the rest follows from Lemma 4.2 in [15] (see also the proof of 
Lemma 4.1 in [T3~] ). □ 

Lemma 4.1.4. Let T\,t 2 and ip be faithful traces on the C* algebras A± = C © C, A2 = 
C © C © C and A3 = M. 2 (C) respectively. Then 

(i) (Ai, Ti) *red (A 2 , t 2 ) = (C © C, T\) * re d (C © C © C, r 2 ) is not a quasidiagonal C* -algebra; 

(ii) (Ai,Ti) * red (A3, if)) = (C © C, Ti) * re d (A^C), ip) is not a quasidiagonal C* -algebra. 

Proof, (i) Let B = C © C © C A 2 be a C*-subalgebra of A 2 . Let p = 1 © 1 © and 
g = 0©0©lbe projections in A 2 . Let T>\ be the C*-subalgebra generated by A\ and Cp + Cq 
in (Ai,n) *red (A 2 ,T 2 ). Then 

(A h 7"l) *red (A 2 , T 2 ) D (V h T X * T 2 \ V J) ^ (C © C, 7l) *red (Cp + Cq, T 2 ) ] 

and, by Lemma 4.1.2, we have 
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Fact 1: pVip and B © are free in p ((Ai, Ti) * re d (A2, t 2 )) p with respect to 

^)( T l * T 2)lp((^i,T 1 )* red (A,r 2 ))p- 

By Lemma 4.1.3, we know that (pT>ip, ^^y( r i * r 2)\ P v lP ) is partially diffuse. Note that B ^ 
C. Combining with Proposition 4.1.3 and Fact 1, we know that the C*-subalgebra generated 
pVip and B © in (Ai, T-y) * rerf (A2, t 2 ) is not quasidiagonal. Hence (Ai, Ti) * rerf (A2, t 2 ) is not 
quasidiagonal. 

(ii) Note Ai = C © C. Let 

« 1= (J _ ^ and n 2 =(° 

be unitaries in .M 2 (C). Then Al, n^x^ and n 2 ^4in 2 are free in (C © C, Ti) * rec ; (A / ( 2 (C),'0). 
Let £> be C*-subalgebra generated by .Ai and Ui^4iuJ in (C © C, n) * red (.M 2 (C), ■0)- Then 

6 ~ (A, n) *red (A u n) = (C © C, * red (C © C, n); 

and 

Farf 2: £> and w 2 A.in 2 are /ree m (C © C, Ti) * rerf (.M 2 (C), ■?/>)■ 

By Lemma 4.1.3, B is partially diffuse. Combining with Proposition 4.1.3 and Fact 2, we 
know that the C*-subalgebra generated B and w 2 A.iW 2 in (C © C, Ti) * re(i (.M 2 (C), ■?/>) is not 
quasidiagonal. Hence (C © C, Ti) * red (.M 2 (C), ■?/>) is not quasidiagonal. □ 

The following proposition follows directly from preceding lemma. 

Proposition 4.1.4. Suppose that A\ and A2 are unital separable C* -algebras with faithful 
tracial states T\, and r 2 respectively. If there are C* -subalgebras Ij^ e B{ C Ai for i — 1, 2 s^c/i 
inai (%) 61 ~ C © C; and (ii) either B 2 ~ C © C © C or £ 2 ~ .M 2 (C), £nen 

(A,ri) * red (A,r 2 ) 

not a quasidiagonal C* -algebra. 
We are are ready to show the following statement. 

THEOREM 4.1.3. Suppose that Ai and A2 are unital separable AF algebras with faithful 
tracial states t\, and r 2 respectively. If dim^A > 2 and dimcA2 > 3 ; then 

(Ai,n) * red (A 2 ,t 2 ) 

is not a quasidiagonal C* -algebra. 

Proof. Note that both Ai and A2 are unital AF algebras. Since dimcAi > 2, there is a 
C*-subalgebra E B\ of A such that B\ ~ C©C. Since dimcA2 > 3, there is a C*-subalgebra 
Ja 2 G £ 2 of A. 2 such that either £ 2 ~ C©C©C or B 2 ~ X 2 (C). Now it follows from Proposition 
4.1.4, we know that (Al,Ti) * re(J (A. 2 ,t 2 ) is not a quasidiagonal C*-algebra. □ 
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4.2. BDF extension semigroups of reduced free products of AH algebras. Suppose 
A is a separable unital C*-algebra. The invariant Ext(A) was introduced by Brown, Douglas 
and Fillmore in [8j. Ext (A) is the set of equivalence classes [tt] of unital *-monomorphisms 
n : A ^ C(H), where C(H) = B(TC)/JC(TC) is the Calkin algebra for a separable Hilbert space 
TC = Z 2 (Z). The equivalence relation is defined as follows: 

i\\ ~ ix 2 4=/- 3it £ U(B(H)) such that Wa £ A : 7i"i(a) = p(u)n 2 (a)p(u)* , 

where U(B(Tl)) is the unitary group of -B(7i) and p : B(A) — > C(7Y) is the quotient map. There 
is a natural semigroup structure on Ext (A). By a result of Voiculescu, Ext (A) always has 
a unit. By a result of Choi and Effros, Ext (A) is a group for every separable unital nuclear 
C*-algebras A. In [17|, Haagerup and Thorbj0rnsen solved a long standing open problem by 
showing that Ext(C*(F 2 )) is not a group. 

In this subsection, we consider the BDF extension semigroups of reduced free products of 
some unital AH algebras. First we recall a useful fact, which can be found in [9], |17j and [26J. 
(See also Lemma 2.4 in [22] ) 

Lemma 4.2.1. Suppose that A is a unital separable MF algebras. If A is not quasidiagonal, 
then Ext(A) is not a group. 

By Theorem 3.3.2 (or Theorem 3.4.1), Theorem 4.1.1 and Lemma 4.2.1, we have the following 
result. 

Theorem 4.2.1. Suppose that A\ and Ai are unital separable AH (or ASH) algebras with 
faithful tracial states Ti , andr 2 respectively. If A\ and A 2 satisfy Avitzour's condition, i.e. there 
are unitaries u £ A\ and v , w £ A 2 such that 

Tl{u) = T 2 (v) = T 2 (w) = T 2 (w*v) = 0, 

then 

Ext((Ai, Ti) * re d (A 2 , r 2 )) is not a group. 

By Theorem 3.3.2 (or Theorem 3.4.1), Proposition 4.1.3 and Lemma 4.2.1, we have the 
following result. 

Theorem 4.2.2. Let A and B ^ C be unital separable AH (or ASH) algebras with faithful 
traces (ft, and if) respectively. If A is partially diffuse in the sense of Definition 4-1.1, then 

Ext((A,(f>) *red VO) i s n °t a 9 rou P- 

By Theorem 3.3.2 (or Theorem 3.4.1), Theorem 4.1.3 and Lemma 4.2.1, we have the following 
result. 

Theorem 4.2.3. Suppose that A and B are unital separable AF algebras with faithful tracial 
states <f>, and ip respectively. If dimcA > 2 and dim<cB > 3, then 

Ext((A,(f>) *red (B,4>)) is n °t a group. 

Example 4.2.1. Let A andB be irrational C* -algebras, or UHF algebras, with faithful traces 
4>, and ip respectively. Then Ext((A,(f) * re d (B, ?p)) is not a group. 
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5. Reduced Free Products of Tensor Products of Unital C*-algebras 

In this section, we will discuss some generalizations of the results we obtained in the previous 
sections. Most of the results obtained in this section are parallel to the ones in section 3 and 
their proofs are also similar. Thus we skip most of the proofs of the results in this section and 
sketched them only if necessary. 

The following notation will be used in this section. Suppose that G is a countable discrete 
group. We will denote C*(G) the reduced group C*-algebra of G and tq the canonical tracial 
state of C;{G). 

5.1. A class of MF algebras. 

Definition 5.1.1. Let S be the set of all these pairs {A, <f>) such that A is a separable unital 
C* -algebra and ip is a faithful tracial state of A satisfying (A,ip) * re d (C*(F n ),r Fn ) is an MF 
algebra for every integer n > 1. 

By Theorem 3.3.3, we have the following result. 

Proposition 5.1.1. Suppose that A is a unital separable AH algebra and ip is a faithful 
trace of A. Then 

(A,ip)eS, 

where S is defined in Definition 5.1.1. 

5.2. Minimal tensor products of unital C*-algebras with faithful traces. In this 
subsection, we will recall the definition of minimal tensor product of two unital C*-algebras 
when both C*-algebras have faithful traces. 

Suppose that Ai, i = 1,2, are unital C*-algebras with faithful traces ipi. Each element otj in 
Ai corresponds to a vector hi in 7ij = L 2 (Ai, ipi). Let 

Pl : A l ^B{H l ) = B{L 2 {A l ,ip i )) 

be the GNS representation of Ai such that 

4>i(ai) = (pi(ai)i Ai ,i Ai ), V Oj E A,,. 

Then the C*-subalgebra generated by 

{Pi(ai) ® I-H^I-Hi ® P2(a 2 ) I o» e A h i = 1, 2} 

in B(li.± <S> H.2) is the minimal tensor product of A and £>, and is denoted by A ® m in 

Moreover, there is a canonical vector state ip — ^i ®min 4>2 defined on A ® m i n B as follows: 

</>(T) = (T(I Al ®I A2 ), i Al ®I A2 ), V T e A ® mm B. 

If both ipi,ip2 are faithful traces of Ai, then if) = ipi ® m in ip2 is also a faithful trace of A ® m in B 
(for example see [3]). And, 

is a GNS representation of (A ® m in B, if)\ ® m i n if ) 2)- 

Using the discussion as above and following the same strategy as in Lemma 3.1.2, we can 
prove the following result, whose proof is skipped. 
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Lemma 5.2.1. Suppose that A is a separable unital C* -algebras with a faithful trace tp. Let 
H = L 2 (A,(p). Suppose that B is a finite dimensional C* -algebras with a basis l,&i, . . . , fcd-i, 
where d is the complex dimension of B. Suppose that {r, r 7 }^ =1 is a family of faithful tracial 
states of B satisfying 

lim r 7 (6) = r(6) V b e B. 

7^00 

Let C d be a d- dimensional complex Hilbert space with an orthonormal basis e 1 , . . . , e^. Then 
there is a sequence of faithful unital * -representations p T ,p Tl : A <S> m i n B — > B(7i) ® m in M-dity 
of A ®min & onH®C d for 7 = 1,2... such that 

(i) (p T , H. <S> C d , I a <S> ei) and (p T ^,H ® C d , 1^ <E> ei) are GiVS" representations of (A ® m in 
B, ip <3min t), and (A ® min B, ip ® min r 7 ) respectively. 

(ii) For eacn 1 < i < d — 1, 

lim ||/0 T (a <E> bi) — p T (a <g> = 0, V«Gi 

7— >oo 

The proof of the following result is similar to Lemma 3.1.3 and is skipped. 

Lemma 5.2.2. Suppose that A%, % = 1,2, is a separable unital C* -algebra with a faithful 
tracial state fy. Suppose that B is a finite dimensional C* -algebra with a family {r, t 7 } 7 ^ =1 of 
faithful tracial states of B such that 

lim T Jb) = r(6), V b e B. 

7— +00 

Suppose that family of elements in (Ai,ip) * re d (B ® m in A2, t <S> m i n ^2) ■ Then, 

for any e > 0, there is a 70 > sncn £/ia£ 

^2), V 7 > 7 . 

5.3. Some conclusions. Suppose that (A,ip) € S, where S is defined in Definition 5.1.1. 
Then (A,ip) * re d (C*(F n ),TF n ) is an MF algebra for all n > 2. Consider an action a of Z n on 
(A, if)) *red (C*(F n ),TF n ), induced by the following mapping: if g is a natural generator of Z„ 
and ui, . . . , u n are the natural generators of C*(F n ), then 

a(g)(x) = x, V x e A] 

a(g)(ui) = Ui+i for 1 < i < n — 1; = «i /or i = n. 

Using the same strategy as in the proof of Corollary 3.2.1, we have the following result. 

Lemma 5.3.1. Suppose that (A, ip) G 5, where S is defined in Definition 5.1.1. Then for all 
n>2, 

(A ®min C;(Z„), V ® r z J * red (C r *(F„), r F J 

is an MF algebra. 

Following the notation as above. Consider an action (3 of Z n on 

&min T7L n ) *red 
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induced by the following mapping: if h is a natural generator ofZ n , then 
/3(h) (x) = x, V x e A, 

/3(h) (v) = e 2n ^ n v, where v is a natural generator of C*(Z n ); 
(3(h)(uj) = u j+1 forl<j<n-l; 
(3(h)(u n ) = Mi. 

Modifying the proof of Lemma 3.2.3 slightly, we have the following result. 

Lemma 5.3.2. Suppose that (A, if)) G S, where S is defined in Definition 5.1.1. Then for all 
n>2, 

(A (A M n (C),^j 

is a C* -subalgebra of 

((A ® min C r *(Z n ), i> <8> r z J * red (C* r (F n ), r Fn )) x Ar Z n ; 
and, therefore, is an MF algebra, where A4 n (C) is n x n matrix algebra with a trace r n . 

Combining Lemma 5.2.2, Lemma 5.3.2 and the strategy used in Theorem 3.3.1, we have the 
following result. 

Theorem 5.3.1. Suppose that (A,ip) G S, where S is defined in Definition 5.1.1. Suppose 
that Bi is a unital AF algebra with a faithful trace fa for i — 0, 1, 2, . . . , n. Then 

(A <S> mi „ B , 1p ® min fa) *red (A ® min B X ,l\) ® min fa) *red ' ' ' *red (A ® m in B n , 1p ® m in 0n) 

is an MF algebra. 

By Lemma 3.3.3, we have the following result. 

THEOREM 5.3.2. Suppose that (A,ip) € S, where S is defined in Definition 5.1.1. Suppose 
that Bi is a unital AH algebra with a faithful trace fa for % — 0, 1, 2, . . . , n. Then 

(A ® min B ± ,i/> 

®min 01 ) *red ' ' ' *rec( (A §S>min B n , 1p ®min 4 > n) 

is an MF algebra. In particular, for every n > 2, 

(A ® m in B ,1p ®min 00 ) *red 

(C*(F n ),T Fn ) 

is an MF algebra. I.e. 

(A ® m in B , 4> ®min fa) € $ ■ 

COROLLARY 5.3.1. For i = 1,2, let A®, An\ be a family of unital AH algebras with 
faithful tracial states . . . , ipn \ fa l \ respectively. Let 

(A®,]!®) = (Af, *red ■ ■ ■ *red (A^,^), for 1 = 1,2; 

and ip^ ® m in 4>^ be a faithful trace on A® ® m in B^ . Then 

{A™ ® mm B^,^ ® mm 0«) * red (A^ ® mm B^,^ ® 0^) 
is an MF algebra. 
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Proof. Let 

(A,r) = (A^,^)* red (A( 2 \^). 

Let r ® m i n ® m in <t>^ be a faithful tracial state on A® m i n B\ ® m in &2- By Theorem 3.3.3 and 
Theorem 5.3.2, we know that 

(A, t) e S; 

and 

V = (A ® min Bi ® m in B 2 , T ® min ® min (2) ) * red (C*(F 2 ), 7> 2 ) 

is an MF algebra. Therefore, embedded as a C*-subalgebra of T>, 

(A {1) ® min ® min * red (A {2) ® mm £ (2) ,^ (2) ® min (2) ) 

is an MF algebra. □ 

Example 5.3.1. Suppose that Ai, i — 1,2, is an irrational C* -algebra, or a UHF algebra, 
with a faithful tracial state ipi. For all m,n > 1, let 

Then T> is an MF algebra and Ext{T>) is not a group. 
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